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Abstract
We improve the theorem of Beck [3] giving a lower bound on the num-
ber of k-flats spanned by a set of points in real space, and improve the
bound of Elekes and To´th [9] on the number of incidences between points
and k-flats in real space.
1 Introduction
Let P be a set of n points in real affine space. A k-flat (k-dimensional affine
subspace) Γ is r-rich if it contains r points of P , and Γ is spanned by P if Γ
contains k + 1 points of P that are not contained in a (k − 1)-flat. This paper
gives new results on two well-studied questions:
1. How many r-rich k-flats can be determined by P?
2. How few k-flats can be spanned by P?
A fundamental result in combinatorial geometry is the Szemere´di-Trotter
theorem [17], which gives an upper bound on the number of r-rich lines deter-
mined by a set of points.
Theorem 1 (Szemere´di, Trotter). The number of r-rich lines determined by P
is bounded above by O(n2r−3 + nr−1).
Note that there is an equivalent formulation of Theorem 1 in terms of the
maximum possible number of incidences between a fixed set of points and lines,
where an incidence is a pair of a point and a line such that the point is contained
in the line, and bounds of the this type are often called incidence bounds.
Szemere´di-Trotter type incidence bounds play a major role in combinatorial
geometry, and have numerous applications in other areas of mathematics and
computer science. The surveys and books of Dvir [6], Guth [11], Tao [18], Tao
and Vu [19], Elekes [8], Pach and Sharir [15], and Matousˇek [14], are all good
resources on Szemere´di-Trotter type bounds and their applications.
The first result of this paper is an upper bound on r-rich k-flats, for k > 1.
In order to prove a nontrivial bound in this context, we need to place some
restriction on the points or the flats. To illustrate this point, let L be a set of
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planes that each contain a fixed line, and P a set of n points contained in the
same line. Then, each plane of L is n-rich.
Several point-flat incidence bounds have been proved, using several different
nondegeneracy conditions. Initial work on point-plane incidences was by Edels-
brunner, Guibas, and Sharir [7], who considered point sets with no 3 collinear,
and also incidences between planes and vertices of their arrangement. Agarwal
and Aronov [1] gave a tight bound on the number of incidences between vertices
and flats of an arrangement of k-flats; this bound was generalized by the author,
Purdy, and Smith [13] to incidences between vertices of an arrangement of flats
and a subset of the flats of the arrangement. Brass and Knauer [4], as well as
Apfelbaum and Sharir [2], considered incidences between points and flats such
that the intersection of t of the flats does not contain s of the points. Sharir and
Solomon [16] obtain a stronger bound than that of Apfelbound and Sharir for
point-plane incidences by adding the condition that the points are contained in
an algebraic variety of bounded degree.
In this paper, we use the nondegeneracy assumption introduced by Elekes
and To´th [9]. A k-flat Γ is α-degenerate if at most α|P ∩ Γ| points of P lie on
any (k − 1)-flat contained in Γ. Using this definition, Elekes and To´th proved
the following Szemere´di-Trotter type theorem for points and planes.
Theorem 2 (Elekes, To´th). For any α < 1, the number of α-degenerate, r-rich
planes is bounded above by Oα(n
3r−4 + n2r−2).
The subscript in the O-notation indicates that the implied constant depends
on those parameters listed in the subscript.
Elekes and To´th generalized Theorem 2 to higher dimensions in the following,
weaker form.
Theorem 3 (Elekes, To´th). For each k > 2 there is a constant βk such that,
for any α < βk, the number of α-degenerate, r-rich k-flats is bounded above by
Oα,k(n
k+1r−k−2 + nkr−k).
Elekes and To´th remarked that their argument can’t be improved to replace
the constants βk with 1 for k > 2 in Theorem 3. The contribution of this
paper is the following strong generalization of Theorem 2, which removes this
limitation of Theoerem 3.
Theorem 4. For each k > 2 and any α < 1, the number of α-degenerate, r-rich
k-flats is bounded above by Oα,k(n
k+1r−k−2 + nkr−k).
One well-known application of an incidence bound between points and lines
is Beck’s theorem [3]. Proving a conjecture of Erdo˝s [10], Beck used a slightly
weaker incidence bound than Theorem 1 to show that, if P is a set of points
such that no more than s points of P lie on any single line, then the number of
lines spanned by P is Ω(n(n− s)). In the same paper, Beck gave the following
bound for flats of higher dimensions.
Theorem 5 (Beck). For each k ≥ 1, there is a constant ck such that either ckn
points of P are contained in a single k-flat, or P spans Ωk(n
k+1) k-flats.
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How large can the constant ck be in Theorem 5? For k = 1, Beck showed
that Theorem 5 holds for any c1 < 1. For k = 2, if P is a set of n points of
which n/2 lie on each of two non-intersecting lines, then P spans n planes, but
no plane contains more than n/2 + 1 points of P . Hence, Theorem 5 does not
hold for c2 = 1/2. In general, Beck’s proof implies a bound on ck that depends
exponentially on k; Do [5] improved this by showing that Theorem 5 holds for
any value of ck < 1/k and n sufficiently large.
Here, we give the following improvement to Theorem 5.
Theorem 6. For each k ≥ 1, either (12 − o(1))n points of P are contained in
a single (k− 1)-flat, or P spans Ωk(n
k+1) k-flats, or k is odd and P lies in the
union of k lines.
Note that this shows that we can take any value strictly less than 1/2 for
each ck in Theorem 5. Indeed, if k is odd and P lies in the union of k lines,
then any subset of (k + 1)/2 of the lines is contained in a k-flat. Hence, there
must be some k-flat that contains at least (k + 1)n/(2k) > n/2 points of P .
As noted above, Theorem 5 does not hold for c2 = 1/2. Indeed, Theorem
5 does not hold for ck = 1/2 for any k > 1. This is shown by taking P to be
contained in the union of a (k − 1)-flat Γ and a line ℓ, with each of Γ and ℓ
containing n/2 points. In this case, any k-flat spanned by P contains either
Γ or ℓ, and so P spans at most n/2 +
(
n/2
k−1
)
= O(nk−1) k-flats. Hence, from
Theorem 6, we get a tight bound on ck for all k.
We remark that all of the new results in this paper hold for point sets
in complex space, using the generalization of the Szemere´di-Trotter bound to
complex space proved by To´th [20] and Zahl [21].
2 Projective geometry and essential dimension
In this section, we fix notation and review some basic facts of projective geome-
try, as well as results and definitions we need from [12]. Note that it is sufficent
to work in projective space rather than affine space, since we can always embed
a set of points in affine space into projective space without changing the number
of r-rich flats, or the number of flats spaned by the points.
The span of a set X is the smallest flat that contains X , and is denoted X.
We denote by Λ,Γ the span of Λ ∪ Γ. It is a basic fact of projective geometry
that, for any flats Λ,Γ,
dim(Λ,Γ) + dim(Λ ∩ Γ) = dim(Λ) + dim(Γ). (1)
More generally, using the fact that dim(Λ ∩ Γ) ≥ −1, we have for any set H of
flats that
dimH ≤ |H| − 1 +
∑
Λ∈H
dim(Λ). (2)
For a k-flat Λ, the projection from Λ is the map
πΛ : P
d \ Λ→ Pd−k−1
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that sends a point p to the intersection of the (k+1)-flat p,Λ with an arbitrary
(d− k − 1)-flat disjoint from Λ.
Defined in [12], the essential dimension K = K(P ) of P is the minimum t
such that there exists a set G of flats such that
1. P is contained in the union of the flats of G,
2. each flat Λ ∈ G has dimension dim(Λ) ≥ 1, and
3.
∑
Λ∈G dim(Λ) = t.
We denote by fk the number of k-flats spanned by P . Here is the main result
on point sets with bounded essential dimension that we need from [12].
Theorem 7. For each k, there is a constant ck such that, if K > k and n−gk >
ck, then
fk = Θ
(
k∏
i=0
(n− gi)
)
.
If k ≥ K, then
fk = O

2(K−1)−k∏
i=0
(n− gi)

 ,
and either fk−1 = fk = 0 or fk−1 > fk.
3 Proof of Theorem 4
Recall from the introduction that a k-flat Λ is α-degenerate if at most α|P ∩Λ|
points of P lie on any (k − 1)-flat contained in Λ. We further say that Λ is
essentially-α-degenerate if for each P ′ ⊂ P ∩Λ such that the essential dimension
of P ′ is at most k − 1, we have |P ′| ≤ α|P ∩ Λ|. Note that an essentially-α-
degenerate flat is also α-degenerate, but not necessarily the other way around.
The following bound on essentially-α-degenerate flats was proved by Do [5].
Theorem 8 (Do). For any k and any α < 1, the number of essentially-α-
degenerate, r-rich k-flats is bounded above by O(nk+1r−k−2 + nkr−k).
We remark that Theorem 8 is also an immediate consequence of Theorem
7 together with the following theorem of Elekes and To´th [9]. A k-flat Λ is
γ-saturated if Λ ∩ P spans at least γ|Λ ∩ P |k different (k − 1)-flats.
Theorem 9 (Elekes, To´th). The number of r-rich γ-saturated k-flats is at most
O(nk+1r−k−2 + nkr−k).
In the remainder of this section, we deduce Theorem 4 from Theorem 8.
3.1 A simple proof for the case k = 3
The case k = 3 admits a simpler proof than the general theorem, which we give
first. The proof for arbitrary k does not depend on this special case, but is built
around a similar idea.
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Theorem 10. For any α < 1, the number of α-degenerate, r-rich 3-flats is
bounded above by O(n4r−5 + n3r−3).
Proof. By Theorem 8, the number of essentially-α1/2-degenerate r-rich 3-flats
is bounded above by O(n4r−5 + n3r−3). If an r-rich 3-flat Λ is α-degenerate
but not essentially-α1/2-degenerate, then at least α1/2|P ∩Λ| ≥ α1/2r points of
P are contained in the union of two skew lines, neither of which contains more
than α|P ∩Λ| points of P ; hence, each of these lines contains at least (α1/2−α)r
points. By the Szemere´di-Trotter theorem, the maximum number of pairs of
((α1/2 − α)r)-rich lines is bounded above by O(n4r−6 + n2r−2), which implies
the conclusion of the theorem.
3.2 Proof of general case
The proof of Theorem 10 given above does not generalize to higher dimensions,
but the basic approach of bounding the number of r-rich α-degenerate flats that
are not also essentially-α′-degenerate does still work in higher dimensions. This
idea is captured by the following lemma.
Lemma 11. Let F = Fα,r be a set of k-flats satisfying the following property.
If Λ ∈ F , then Λ contains a set G of flats so that
1.
∑
Γ∈G dim(Γ) < k,
2. G = Λ,
3. each flat of G is r-rich and α-degenerate.
Then, |F| = O(nk+1r−k−2 + nkr−k).
We remark that Lemma 11 is not tight, in general; for example, a stronger
bound of O(n4r−6+n2r−2) was given for the case k = 3 in the proof of Theorem
10, above.
The proof of Lemma 11 is by induction on k; in order to prove Lemma 11
for k-flats, we use Theorem 4 for k′-flats, for each k′ < k. Before giving the
proof of Lemma 11, we show that it implies Theorem 4.
Proof of Theorem 4. Let α′ so that (k+α)(k+1)−1 < α′ < 1; note that α′ > α.
The required bound on the number of r-rich, essentially-α′-degenerate k-flats
is given by Theorem 8, so it only remains to bound the number of r-rich, α-
degenerate k-flats that are not also essentially-α′-degenerate.
Let Λ be an r-rich, α-degenerate k-flat that is not essentially-α′-degenerate
(assuming that such a flat exists). From the definition of essentially-α′-degenerate,
there is a collection G′ of sub-flats of Λ with
∑
Γ∈G′ dim(Γ) < k such that
|
⋃
Γ∈G′ Γ ∩ P | > α
′|P ∩ Λ|.
We obtain a set G satisfying the conditions of Lemma 11 from G′ as follows.
If Γ ∈ G′ is not α′-degenerate, then replace Γ with the smallest flat Γ′ ⊂ Γ
that contains at least (α′)dim(Γ)−dim(Γ
′)|P ∩ Γ| points. Note that, since any flat
Γ′′ ⊂ Γ′ with dim(Γ′′) = dim(Γ′)−1 contains fewer than (α′)dim(Γ)−dim(Γ
′)+1|P∩
Γ| ≤ α′|P ∩ Γ′| points of P , it follows that Γ′ is α′-degenerate. Furthermore,
fewer than (dim(Γ)− dim(Γ′))(1 − α′)|P ∩ Λ| points lie in Γ and not in Γ′.
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Next, remove from G′ any flat that contains fewer than (1 − α′)|P ∩ Λ|
points to obtain the final set G. Each remaining flat in G is α′-degenerate and
(1− α′)|P ∩Λ|-rich. The number of points that are contained in flats of G′ but
not in flats of G is at most
∑
Γ∈G′ dim(Γ)(1 − α
′)|P ∩ Λ| < k(1 − α′)|P ∩ Λ| <
(α′ − α)|P ∩ Λ| points; hence, |
⋃
Γ∈G Γ ∩ P | > α|P ∩ Λ|. If dim(G) < k, then Λ
is α-degenerate, contrary to our assumption. Hence, dim(G) = k, and hence Λ
belongs to the set F of Lemma 11. Now Lemma 11 (using α′ in the hypothesis
of Lemma 11) implies the required bound on the number of possible choices for
Λ, which completes the proof.
Next, we prove Lemma 11.
Proof of Lemma 11. We proceed by induction on k; the induction uses Theorem
4, and (for k = 1) the Szemere´di-Trotter theorem.
We partition F into subsets Fb, for 1 ≤ b < k, and separately bound the
size of each Fb, as follows.
For each Λ ∈ F , let GΛ be the set of flats given by the hypothesis of Lemma
11. We may suppose that GΛ is minimal, so that GΛ = Λ but GΛ \ Γ ( Λ for
each Γ ∈ GΛ. Let ΓΛ be an arbitrary flat in GΛ, let bΛ = dim(GΛ \ ΓΛ), and let
G′Λ = GΛ \ ΓΛ. Assign Λ to FbΛ .
For each b, the inductive hypothesis (on Theorem 4) implies that
|{G′Λ : Λ ∈ Fb}| = O(n
b+1r−b−2 + nbr−b).
Hence, it will suffice to show that, for each Λ ∈ Fb, we have |{Λ
′ ∈ Fb : G′Λ′ =
G′Λ}| = O(n
k−br−k+b).
Let R ∈ {G′Λ : Λ ∈ Fb}. Let πR : R
d → Rd−1−b be projection from R.
We consider the projection πR(P ) of P to be a multiset of points, with the
multiplicity of a point p ∈ R(P ) equal to the number of points p′ ∈ P such that
πR(p
′) = p.
For each Λ ∈ Fb such that G′Λ = R, there is an α-degenerate, r-rich flat Γ
such that Γ,R = Λ. Since Γ,R = Λ and πR(Γ) is disjoint from R, we have that
dimπR(Γ) = k − 1− b. We claim that πR(Γ) is (1− α)r-rich and α-degenerate
(with regard to πR(P ), counting all points with multiplicity). First, note that
|πR(Γ)∩πR(P )| = |Γ∩P |− |Γ∩R∩P |. Since Γ is α-degenerate, |Γ∩R∩P | <
α|Γ ∩ P |, so πR(Γ) is (1 − α)r-rich. Let Γ
′ be a subflat of πR(Γ), and let
π−1(Γ′) ⊂ Γ be the preimage of Γ′ in Γ. Note that dim π−1(Γ′),R∩ Γ < dimΓ,
hence |Γ′ ∩πR(P )| ≤ α|Γ∩P |− |Γ∩R∩P | ≤ α|πR(Γ)∩πR(P )|. Hence, πR(Γ)
is α-degenerate.
To complete the proof, we will use the following lemma, proved below.
Lemma 12. Let M be a multiset of points with total multiplicity n. The
number of r-rich, α-degenerate k-flats spanned by M is bounded above by (1 −
α)−knk+1r−k−1.
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From Lemma 12, we get the required bound of O(nk−brb−k) on the number
of (1 − α)r-rich, α-degenerate (k − 1 − b)-flats spanned by πR(P ), and this
completes the proof of Lemma 11.
Proof of Lemma 12. There are nk+1 ordered lists of k + 1 points in M (with
repetitions allowed). We show below that for any r-rich, α-degenerate k-flat Λ,
the are at least (1 − α)krk+1 distinct lists of k + 1 points such that all of the
points are contained in Λ, and the points are affinely independent. Since k + 1
affinely independent points are contained in exactly one k-flat, this implies the
conclusion of the lemma.
Let Λ be an r-rich, α-degenerate k-flat. We will show, by induction, that,
for each 0 ≤ k′ ≤ k, Λ contains (1 − α)k
′
rk
′+1 distinct ordered lists of k′ + 1
affinely independent points. The base case of k′ = 0 is immediate from the fact
that Λ is r-rich.
Choose uniformly at random a pair (v, p), where v is an ordered list of k′
affinely independent points contained in Λ, and p is a point of P contained in
Λ. By the inductive hypothesis, we know that there are (1 − α)k
′
−1rk
′
choices
for v, and there are clearly |P ∩Λ| ≥ r choices for p. If the probability that p is
affinely dependent on the points of v is more than α, then there is some v for
which the number of points in P ∩ Λ that are affinely dependent on v is more
than α|P ∩Λ|. Since these points must all be contained in the k′−1-dimensional
span of v, this contradicts the hypothesis that Λ is α-degenerate. Hence, the
number of choices of (v, p) such that p is affinely independent of v is at least
(1− α)k
′
rk
′+1, which is what was to be proved.
4 Proof of Theorem 6
In this section, we show that Theorem 6 follows easily from Theorem 7.
Proof. Suppose that fk = o(n
k+1). By Theorem 7, there is a set G of flats
such that
∑
Γ∈G dim(Γ) ≤ k, at least (1− o(1))n points of P lie in some flat of
G, and each flat of G has dimension at least 1. We show below that, unless k
is odd and G is the union of k lines, we can partition G into G1,G2 such that
dimG1, dimG2 ≤ k−1. Since either |G1∩P | ≥
1
2 |G∩P | or |G2∩P | ≥
1
2 |G∩P |,
this is enough to prove the theorem.
Let G = {Γ1,Γ2, . . . ,Γm}, with dim(Γ1) ≤ dim(Γ2) ≤ . . . ≤ dim(Γm). Let
G1 = {Γ1,Γ2, . . . ,Γm1}, with m1 chosen as large as possible under the constraint
dimG1 ≤ k − 1.
Let s = dimΓm1+1. Note that dimG1 + s ≥ k − 1, since otherwise Γm1+1
would be included in G. Next, since each flat in G has dimension at most s, by
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(2) we have ∑
Γ∈G1
dimΓ ≥dimG1 + 1− |G|,
≥ k − s−
1
s
∑
Γ∈G1
dimΓ.
Hence,
k −
∑
Γ∈G2
dimΓ ≥
∑
Γ∈G1
dimΓ ≥
k − s
1 + s−1
,
and so ∑
Γ∈G2
dimΓ ≤
s+ ks−1
1 + s−1
.
Since each flat in G2 has dimension at least s, we have |G2| ≤
1
s
∑
Γ∈G2
dimΓ.
Applying (2), we have
dimG2 ≤ |G2| − 1 +
∑
Γ∈G2
dimΓ,
≤ (1 + s−1)
∑
Γ∈G2
dimΓ− 1,
≤ s+ ks−1 − 1,
≤ k,
with equality only if s = 1 and |G2| =
1
s
∑
Γ∈G2
dimΓ; this occurs only if G is a
set of lines. If G is a set of lines and k is even, then G2 consists of at most k/2
lines, which span at most a (k − 1)-flat. Hence, if dim G2 = k, then G must be
a set of lines, and k must be odd. Since dimG1 ≤ k − 1 by construction, this
completes the proof.
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